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Abstract. A matrix representation of the labelling operators of Moshinsky and Nagel and
of Partensky and Maguin in the non-orthogonal Draayer basis of SU(4) is derived; this
allows one to solve explicitly the missing label problem for the spin-isospin multiplets in
the arbitrary SU(4) supermultiplets. The simplification and degeneration of these rep-
resentations are considered for two parametric irreducible representations of SU(4), as
well as for some special cases of irreps typical of nuclear theory. The expansion of the
linearly dependent states of the Draayer basis is discussed.

1. Introduction

The Wigner supermultiplet model continues to play an important role in nuclear
spectroscopy (Gaponov et al 1980, 1982, Gaponov 1984). Many solutions are suggested
for the missing label problems of the SU(2) x SU(2) states in the Wigner supermultiplets
of SU(4). The eigenstates of the classifying operators of Moshinsky and Nagel (1963)
or Partensky and Maguin (1978) may be chosen as alternatives to the non-orthogonal
analytic supermultiplet bases (Draayer 1970, Ahmed and Sharp 1972, see also Norvaisas
and Alisauskas 1977, Alisauskas and Norvai$as 1979, Hecht et al 1987). These two
complete sets (couples) of commuting operators (SU(2) x SU(2) scalars) belong to the
enveloping algebra of SU(4) (Quesne 1976, 1977) when the operators from the different
couples do not commute. The eigenvalues of these operators have been determined
only for some concrete irreducible representations (irreps) of SU(4) (Partensky and
Maguin 1978) and for some non-degenerate or twofold degenerate states of the
spin-isospin in SU(4) (Van der Jeugt er al 1983).

Also, Alisauskas and Norvaisas (1979) obtained the matrix elements of the SU(4)
generators in the Draayer (1970) projected basis. Only the appearance of the linearly
dependent states makes their explicit expressions more complicated.

It is the purpose of our paper to present the matrix elements of the labelling
operators of Moshinsky and Nagel (1963) and Partensky and Maguin (1978) in the
projected (Draayer 1970) basis for arbitrary irreps of SU(4). The solution of the
eigenvalue problem together with the expression for overlaps of the projected SU(4)
states (see Norvaisas 1981, AliSauskas 1982, 1983) leads to the orthonormal basis states
of the supermultiplet basis.

Considerable simplifications are possible for special classes of irreps and particular
cases typical of nuclear theory. In the appendix we reconsider the expansion of the
linearly dependent states of the Draayer basis, which will also be necessary for
calculating Clebsch-Gordan coefficients in a future publication.

0305-4470/89/111737+13%02.50 © 1989 IOP Publishing Ltd 1737
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2. Definitions and notation

The infinitesimal operators (generators) of SU(4) form SU(2) x SU(2)-irreducible
tensor operators with the following components:

So=%(En+ E,, - Ej;;—Ey)

(2.1a)
s+=‘(1/\/§)(513+524) S—=(1/\/§)(E31+E42)
T0=%(E11_E22+E33_E44) (2.1b)
T+=—(1/\/§)(Enz+534) T—=(1/\/§)(521+E43)

U,=E;, U10=(1/\/§)(E24_E13) Uii=—Ej;
Un= (1/\/5)(534— Ey») Vs = (1/\/5)(521 - E4) (2.1¢)
U, =—-E; U—10=(1/‘/§)(E31_E42) U..i=E, .

Up=3(E;,— Eys— Es3+ Ey)
where the E;; satisfy the usual commutation relation
[E;, Eq]= 8uEy— 84Ey;. (2.2)
Irreps of SU(4) may be denoted by triplets (A;A,A;), where
Ay =Myy— Moy Ay =My — My, A3 = Mag— Myy (2.3)

and [my4, Mag, Ma,, Mas] is @ Young tableau for an irrep of U(4). Some authors use
the parameters [ pp’'p"] of irreps of the locally isomorphic group SO(6) where

P=3(A1+A3)+ A, p' =11 +A35) p'=1(A;=A3). (2.4)
The states of the non-orthonormal Draayer (1970) basis are defined as
(All\zAS)E >_ S T
KoSMos KT, = PsksPlirk,| Ge {KsKr}) (2.5)

where Pf,s,(s, PLTKT are the projection operators of the two SU(2) and

At A +A, A+ A, As 0
ki+3A+ A+ A, As 0
Ge{KsK7}) = 2.6
|Ge{KsKrh k30, +F A+ A, A, +k, (2:6)
ki +3A, + A+ A,

are special Gel'fand-Zetlin states, which form the basis of irrep (3A,,3A;) of the
block-diagonal subgroup SU(2)®SU(2) generated by U,,, U_,,, U,_,, U_,_, and their
commutators. Here k, =3 Ks+ K;), ks =1(Ks—Kr), and

S<p Ts<p S+T<p+p |S-T|<pxp” (2.7)

and jA, + k,, 3A; = k; are non-negative integers.
The linearly independent states (2.5) are determined by conditions (cf Draayer
1970) k, =0 (ky<0if k,=0) and, when S—-T> A,,

Ki=S-A,; (2.8a)
or, when T—S> A,,

Kr=2T-2; (2.8b)
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and (separately for each sign of k;)
ki+lks|=3[S+ T = A+ 1+ (1~ 4) sgn(k; —3)] (2.8¢)

when |S—T|<A,. Here Ag=1o0r 1and A,—S+ T —A,is an even integer. The values
Ks= K7 =0 are allowed only when S+ T—A,=<0 is an even integer. Some linearly
dependent states may be eliminated by means of the relation (3.12) of Alisauskas and
Norvaisas (1979):

(A1A243) g
—KssMs; _KTTMT

>= (Cpypen|  (Mhadae >

2.9
KssMs N KTTMT ( )

The labelling operators (scalars with respect to the spin and isospin) of Moshinsky
and Nagel (1963) may be defined as
Q=3[Sx[Tx U] (2.10a)
D=5+1t+28°T*+6[SXxTx[UxU]"']*° (2.10b)
where §%, T are the Casimir operators of the two SU(2) and
s==3V3[[Tx U]"*x[Tx U] (2.10¢)
t=-3V3[[Sx U]*' x[§x U]*']*° (2.10d)

are the labelling operators of Partensky and Maguin (1978). The coupling of the
double SU(2) tensors W*' is defined according to Jucys and Bandzaitis (1977):

. o k ’ k/l ’ " L
T S e | A R @)

mm'nn’ LM m  m" n n n"

where, in the rHs, the Clebsch-Gordan coefficients of SU(2) are used.

3. Representation of the labelling operators

AliSauskas and Norvaisas (1979) obtained the following representation of SU(4)
generators U, ; as the Draayer basis:

(A1A2A5) g }_ (25+1)(2T+1)[S 1 S’]
KsSMs; K;TMr]  $+(2S'+1D)(2T'+1) [ Ms i M

T 1 T aan S 1 8
X (g 172%3 i
[MT } M’T} mnlg:_'gl(-'r SKsTKT;, S'KsT'K+ KS m ng

X[T 1 T’] (A1 A2A3) g >
K n Kfr

KsS'Ms; Ky T'MY
Coor sxsrics=(=1)075(1= 8¢ x Bk ) HA,, Kok} H (345, kskd)

Uy

(3.1)

where

(3.2)
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and
H(j, mm') = 8pm+ Bpar m [(JFm)(j = m+1)]"% (3.3)

Equation (3.1) has been derived with the help of the commutation relation between
the tensor and projective operators (cf Elliott 1958). The operators Uy, U_1o, Un
and U,_, may be replaced by —v2S,, v2S_, —v2T, and V2T_, respectively, when
acting on special Gel'fand-Zetlin states (2.6). Later they may be included in the
projection operators. The remaining operators Uy, Uy, U_;-, Uiy, and U_,, belong
to the Lie algebra of the block-diagonal subgroup U(2)@® U(2), the basis of the irrep
(3A,, 3A;3) of which is formed by special Gel’fand-Zetlin states (2.6).

The scalar operators commute with the projection operator. Therefore a rather
long, though elementary, evaluation allows one to represent the action of the scalars
included in the labelling operators as follows:

(A1A2As)E >

Q
KSSMS B KTTMT

= Z [KsKr(p+ 2)8K5K§5KTK7’—

KsK#

+H(3Ay, kik))HGAs, ksk3)H(S, KsK's)H (T, KrK'7)

(AI/\2/\3)E >

X%(1—3KSK55KTK'T)] K'sSMs:; K4 TMy

(3.4)

@—s—p|  (Ah)e >

KsSMs;KTTMT
=y {2[p"(p'+l)KsKT+K%T(T+l)+KErS(S+1)—2K§KZT]

K5K+
X Ok Okrk 4t (=1)575(1 = 8ok Bk )
X HGA,, kiki) H(GAs, ksk3)H(S, KsK's)H(T, K7K'r)
(A1A2A3)E
X[p+1+ Ks(Ks—K5)+ Kr(Kr—K7) , , 3.5)
p s(Rg s T\ 7)1} KsSMg: K TMy (

(M1A223)g >

S| KoSMqs KoTMo) ™ ) ({[T(T+1)—K%][%A,(A,+2)+%A3(A3+2)-%<K2s+Kzr)]

KiK¥

+KH(p+2)*=S(S+1)+ K§} ek :Okrk

— (1= 8k P,k J3RT- 1T +3)T(T+1)]"?
x 27K K H (A, ki k) H (A5, kskb) H(S; KsK's)

x(—l)kf"él: T 2 T :l) (MA2A3) e >
KT K{I'—-KT K{r ’

KsSMg; K+ TM,
The action of the operator ¢t may be written after the formal substitution S& T, K & K,
Kse K- into (3.6) together with (2.9), if necessary. (The dependence of the non-
diagonal matrix elements (3.5) on Ky, K7 is included in the Clebsch-Gordan
coefficients of SU(2).) The labelling operators may change both parameters K, K1
by ®1 or a single parameter by +2. Therefore, the linearly dependent states which
appear should be expanded in terms of the complete system with the help of the results

(3.6)
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of § 5 of AliSauskas and NorvaiSas (1979)1 and the relation (2.9) is insufficient (also
see the appendix).

4. Simplification of the labelling operators for two parametric representations

The analytical bases for irreps of class 2 (covariant) and 1,1 (mixed tensor) (i.e. when
A;=0 or A,=0) have been considered by AliSauskas (1982, 1983, 1984, 1987) and
Petrauskas and AliSauskas (1987). Thus, for the class 2 irreps of SU(4), the Draayer
basis is labelled by a single parameter K = Kg = K7 =3(S+ T~ A,+A,). The operator
€ in this case is represented by a quasitridiagonal matrix because in (3.4) the matrix
elements with K§# KT vanish and the linearly dependent states may be expanded by
means of (5.1) and (5.6a) of Ali§auskas and Norvaisas (1979) or our equation (2.9).
The operator @ in the basis of the irreps with A, =0 is dependent:

D=2(p+2)Q+iIN (A, +2)[S(S+ 1)+ T(T+1)]I (4.1)

where I is the identity operator.
The operator s for the irreps of class 2 may be represented as

s’ (A12,0) >
KSM: KTM;
={[T(T+1) - K*[iA:(A,+2)— K]+ K [(p+2)*-S(§+1)+ K?]}

()‘1’\20)5 > 1 (K—K'+1)
+32 (1=8kx )~ /2
IKSMS; KTM; 2;( xx)(=1)

x(K+K'YHQGA,, KK')VH(S, KK)H(T, KK")

(A]/\'ZO)E
X ’K’SMS; K’TMT> (4.2)
and
t—s =AM, +2)[S(S+1)- T(T+1)]L (43)

The matrix elements of the labelling operators may similarly be simplified for A, =0.

The linearly independent states of the class 1,1 irreps may be determined by
condition K, =S (if §= T), but the expansion of the dependent states is more compli-
cated. The projected states in this case are equivalent (up to norm) to the stretched
states, which are dual to the polynomial states (see AliSauskas 1984, 1987). Therefore,
it is expedient to write the tridiagonal representation of the labelling operators in the
complete (non-overcomplete) basis

(A10A3) g >
SSMs, KTTMT
—%p“K?I""%K?r}aKTK-’,—_ BKT—Z,KfrH(%/\l , kikY)
1y
x<1 A3 — ks
§A3+k3+l

1 1/2
EM_kl ) ~ ] ‘ (MO/\a)E >
x| AT -K )

<%Al+k1+1 (T, - K7) SSMs; K TM~ (4.4)

Q' =Y [{p"T(T+1)+%KT[S(2p+3)—T(T+1)+p+2]

Kt

1/2
) H(T, K;)+ 6KT+2,K~}H(%/\39 ksk%)

+ The variable k; in the RHS of equation (5.4a) of Alisauskas and Norvai§as (1979), and |&;| in the RHS of
(5.5¢) should both be corrected to |k;|. In the RHS of (5.6a), k%o should be corrected to k2.
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s\ (210A3) >
SSMs,KTTMT

=Y [{%T(T+ DA+ DA +2)+(A5+ 1)(A;+2)=285(S+1)]
Ky

—p" K[ T(T+1)—31+3K5 A A, +3p+1+5(S+1)
+T(T+1)]+p" KT —3K7} k.
%/\S—k3

1/2
HGA,, kkDH(T, K
%)\3+k3+1) (ZAly 1 1) ( ) T)

+8k,—2k53( A3+ S+ Kr+ 1)(

1 1/2
+6KT+2,KV%<A,+S—KT+1)(§%§L—I) CHOAL k) AT, —KT)}
A;0A

x }ssz\(ds‘; KB'T)?MT> “3
where

A(jym)=[(j+m)(j+m=1D(-m+1)(j-m+2)]". (4.6)
The operators @ and ¢ in the case of the irreps (A,04;) are dependent as well:

®=2p"Q+(p+1){(p+2[S(S+1)-T(T+ ]I (4.7)

t—s=(p+1)(p+2)[S(S+1)-T(T+1)]L (4.8)

5. Some examples

Let us present the expansion coefficients of the SU(4) > SU(2) x SU(2) irreducible
tensors in terms of basis states (2.5) as columns. Then it will be convenient to represent
the labelling operators @ as matrices 05557 . with subscripts for rows and superscripts
for columns.

In the situation typical from the physical point of view, the parameters A, and A,
are small while A,, S and T are arbitrary. For example, when A, =2 and A;=0 we
obtain the matrix elements

Qly=p+2 0%,=0 Q% =0ES(S+1)T(T+1)]"?
Q= [1+(-1)%]Q%, G
S =T(T+1)-S(S+1)+(p+2)? §%0=2T(T+1)
50011 = _Qoo“ 51100=Q“00- G2
and the eigenvalues (for A, =0)
Q.=3p+2)£[Hp+2)*+S(S+1)T(T+1)]'"? (5.3)
8. =3(8%0+ S ) £{i(p+2)°-S(S+1)-T(T+1)]
~S(S+1)T(T+1)}V2 (5.4)

(The value K =0 is impossible for A;=1. A single value K =1 remains for S+ T =
A,+2 and K =0 remains for S=0or T=0.)
When A, =A;=1 we obtain the matrix elements

91001=leo=[1_(‘1)A°]%[S(S+1)T(T+1)]1/2 Qlo10=Qmox=0 (5.5)
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G0, =0 = —[1+(=1)*](p+2)[S(S+1)T(T+1)]"?

DY =2T(T+1)+24,S(S+1)+(p+2)*-1 (5.6)
D% =28(S+1)+2A,T(T+1)+(p+2)* -1

S =T(T+1)[1-(-1)%]=S(S+1)+(p+2)*~1 §%,=T(T+1)

8%, ==8"o=[1+(=1D)*B[S(S+1)T(T+1)]"2

In this case the classifying properties of the labelling operators depend on the parity
of Ay. For A,=0 the operator £ is degenerate but the eigenvalues of ®, i.e.

S, =SS+ 1)+ T(T+1)+(p+2)*-1

(5.7)

+([S(S+1)-T(T+1)P+4(p+2)’S(S+ 1) T(T+1))"? (5.8)
are different when operators s and t (s+1t = (p+2)2— 1) have the same discriminant:
Hp+2—1-S(S+1)-T(T+1)P-S(S+1)T(T+1) (5.9)

of the eigenvalue problem. For A, =1 operator ® is degenerate when the eigenvalues
of Q, i.e.

Q. ==[S(S+1)T(T+1)]"? (5.10)

are different; the operators s and t are represented in this case by diagonal matrices,
i.e. the Draayer basis is orthogonal.

Let us also write the matrix elements of the labelling operators in the case A, =2,
A3=1. The matrices of  and ® in this case are symmetric:

QY =0, =3(p+2)
QY ==k p+2) - (D) NS +H(T+D)
Qi =0 =J[(S+)(S-T+INT-H]? (5.11)
O =0 = (T+HHIS+I(s -2
Q7 =0, = ()N (SHYINT+(T-H12
Oy, =15T(T+1)+7S(S+1)+10(p+2)*-12]
O = TT(T+1)+158(S+1)+10(p+2)*—12]
ot - 5—4[11T(T+l)+115(S+1)+2(p+2) -8]+(~-1) O(p+2)(S+ D(T+%3)
Oy =0 = —(p+)[(S+H(S-D(T+HNT -]
D =[P+ 2T+ - (—1)*(S+H2S+H(S-H]"?
O = [T+i—(=1)™(p+2)(S+HIU2AT+H(T-H]V2
For operator s we obtain
Sgss£=%[6T(T+1)-—S(S+l)+(p+2)2+§]
;—4[2T(T+1) 3IS(S+1)+3(p+2)° -1
s* y o =3[10T(T+1)-S(S+1)+(p+2)*-2]
SHy = -8 = —[(S+)(S-INT+NT-H)? (5.13)
st H—[T+f—<—1) So(S+)AT+3H(T-H]"?
S = [T+ (DS +HI2AT+IT -1V
st =54, =0

(5.12)
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The matrices with the elements (5.11) and (5.12) commute mutually as well as those
of the operators s and ¢, but the eigenvalues of the operators are non-degenerate. The
formal solutions of the eigenvalue problems in this case are rather cumbersome.

The terms above with factor (—1) appeared after applying (2.9). Sometimes (e.g.
when S+ T =A,+A,+ A;) the labels of the linearly dependent states appear between
superscripts in (5.1), (5.2), (5.5)-(5.7), (5.11)-(5.14). In this case the zero eigenstates
(i.e. the null spaces) correspond to certain eigenvalues.

Of course, in the multiplicity-free cases the corresponding discriminants in (5.3),
(5.4), (5.8) and (5.9) become exact squares. Since for the fixed couple of parameters
from the set A,, A, S, T the multiplicity of S, T in (A,A,A;) is restricted, equation
(2.9) together with the results of § 3 is sufficient for the eigenvalue problem of the
labelling operators.

The expansion of the linearly dependent states is unavoidable when the restriction
of the multiplicity of S, T in (A,A,A;) is caused by the fixed value of any single
parameter between the following linear combinations:

ptp'=S-T p-T p-S (5.14a)
p=Ip"l-IT -S| (5.14b)
Particularly, for p+p'=S5+T or p— T =0 the labels Ks, Ky accept the values

Ks=p" Kr=p' (5.15a)
For p+p'—1=S8+T they accept (5.15a) together with

Ks=p' Kr=p" (5.15b)
For p—T=1and |p"|+1s S <p'—1 they accept (5.15a) together with

Ks=p'+1 Ky=p'—1. (5.15¢)
For p—p"=T-S (p"=0) they accept

Ks=S Kr=T—A=8+A, (5.15d)

and for p—p”"—1=T-S (p"=0) they take on the values
K5=S,KT=T_A2+1 and KS=S"'1, KT=T—'A2‘ (5.159)

As an example of the second kind we present the matrix elements of the labelling
operators for S+ T=p+p'—1:

QPP = QPP = p"(S—T)

QP = ()M SHIT-p'+1)Z (5.16)
Q= (DT +1N(S-p'+1)Z7

77 = 877 = 2T +3)[p" = p'(p+1)]

PP = (~)STIQT+3)p"(T - p'+1)Z (3.17)
SPP = (~1)MQT+3)p"(S—p'+1)Z7!

where

=((S—Av")!(~5'+17”)!(7'—1")!(T+p’)!>”2
(§=p)(S+pH)(T-p)I(T+p")!
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together with corresponding eigenvalues
Q. =p[p'(p+2)+(S=p' +1)(T-p'+1)+3(A,+1)]
£[EpHS-T)V+(S+1)(T+1)(S-p' +1(T-p +1)]"? (5.18)
S.=p"(p+2)*+S(S+1)+p'(p'-25-1)—(p—T)(2p+3)]
+p(p' =)+ TUT+1)+32T+3)[p'(p+1)-p”]
32T +3)([p'(p+1)-p"T
—4p"(S—-p'+1)(T-p' +1))2 (5.19)
The operators ® and €2 are dependent in this case:
O+2p'Q=[S(S+ 1)+ T(T+D](p”+1)=(p+p)p+p'+1)
+p"[2p'(p+2)+2(S-p'+1)(T~p'+1)+3p+p'+4]
+2(S+INT+1)(pp'—p—-1)+p'(p+1)3p+3p'+4). (5.20)

For S+ T=p+p'—1and A, = A; the Draayer states are the eigenstates of the operators
s and t but the operator @ is degenerate. In the above we omitted the matrix elements
of ¢ that are related to those of s by the corresponding substitutions (see § 3).

6. Concluding remarks

We obtained rather simple explicit expressions for the matrix elements of the labelling
operators in the Draayer basis of the SU(4) > SU(2) x SU(2) chain. For the normalisa-
tion of the eigenstates and the construction of the coupling coefficients the overlaps
of the Draayer states are necessary. They will be considered in a future publication.
However, for multiplicities larger than two, only a numerical solution of the eigenvalue
problems of the labelling operators is possible. For some classes of irreps we demon-
strated that the definite labelling operators become degenerate, but we have not found
a general rule governing these relations.

It is difficult to estimate the advantages of the diagonalisation of the overlap matrix
(see Hecht et al 1987) in comparison with the solution of the eigenvalue problem of
the labelling operators.

Appendix. On the expansion of the linearly dependent states of the Draayer basis

The linearly dependent states (2.6) may be expanded in two steps, introducing an
auxiliary basis (Ahmed and Sharp 1972, Alifauskas and Norvaidas 1979). Let us write
the special generalised isofactors of SU(4) 2 SU(2) x SU(2):

[(Aloo) (00A3) (Alo)«;)][(mm (0A,0) (mzA;)E}

5.8, S§383 w, Solo w, Sply S>t> KsS, KTT

-~ s s §
k A A A 1 3 0
=(=1)""Ck,, Cia, Cl,
151 38537 Sa2b kl k3 KS

X[Sl 55 to:]l:so S5 SJ[!O t, T] (A1)
kl _k3 KT Ks 0 Ks KT 0 KT
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which couple the orthonormal states of the symmetric irreps (1,00), (00A;) and (0A,0)
to non-orthonormal Draayer states. Here

» _[GA+RIGA-K)IQ2s+1)]"?

’“—[ (GA=s)1GA +s+1)! ] (A2a)
. 225+ D2+ DA (A +1)! 12
C"—I:(A—s—t)!!(/\—s+t+l)!!(/\+s—t+1)!!(A+s+t+2)!!:] (A2D)

We introduce the direct and inverse expansion matrices A and Q. The expansion
. ALAL ST . .y .
coeflicients A(,: PR Az) or &, Of the Draayer states in terms of the auxiliary basis states

may be obtained by subsntuting into (A1) the following values of the parameters. For
S>T, s,+s,> T we substitute

S =S+A—-s5,—35; t,=0 to=T So=8§;+5;. (A3a)
For S< T, s;+5;> S we substitute

5;=0 tb=T+A-5,—5, So=S to=5,+83. (A3b)
For s, +s;<smin(S, T) we substitute
$=8—5;—53+1— 84,4, t,=T—1t, So=t+t A, =5,+5; (A3c)

unless A;—A;=0mod 2, A;=1. For s;+s;=min(S, T), A;=1 we substitute

So=s5+s5;—1+4, th=s5+5-4, 5:=8—-5—353

t,=T—5,—3, 5,>0 53> 0. (A3d)
For 0<s;=min(S, T), Ag=1, 5, =0 we substitute

5;=8—s;+1 t,=T—t, So=1ty=1s; (A3e)
and for 0<s,=min(S, T), A,=1, s,=0 we substitute

$5=8—s5+1 L=T—1, So= 1ty =1s5,. (A3f)

The last two conditions, (A3e) and (A3f), represent particular cases of (A3¢). Here
and below A, A, A,, A, and Az are equal to 0 or 1 so that

S1+S3—S+/\2"A S1+S3_T+A2_Z AZ_S+T_A0 (A4)
are even integers.
Now the parameters s, 5; and (if necessary) A, or A2 may be used as the labels

(A A,A4:8T)
of an auxiliary basist and the coefficients A, } ?°, ..z, form a triangular expansion

matrix. The elements of this matrix with k,;> s, or |k;|>s; or ky=5,, ks =—5;5, A, =1
(A,=1) vanish. The parameters are also restricted by the condition (cf (2.8))

sitsy=max(S, T)—A, (ASa)

Si+5:=3[S+T—A+1+(1-A0)A,). (ASD)

It is possible to choose from two alternatives (A3c) or (A3d) for A, —A;#0 mod2, A,=1.



Labelling operators for SU(4) > SU(2) xSU(2) 1747

We succeeded in inverting this matrix explicitlyt and finding the following expansion
coefficients, Q, of the auxiliary basis in the different regions of parameters:

P AAGST) (A AA5ST) gk ~s, 0~ Ay )l
Qs1:3;klk3 = Psis(d) ( 1) (Cklsl k353)

X( (S+Ks)!(S_K5)!)_]/2(S1+S3+S+1)
(T+K )T ~-Kp)! (s;+s3+1—4)

» (s;+s;+S+y-1)!
S YUki=si =) (~ki=s3=y)US+s3-k +y)(S+s,+ ks +y)!

X[(s;+ 53+ S)(2s,+2s3—ky+ ks +1)' 73

+2(1-A)y(2s,+2s55+1)] ky<0, T=Kr>s (A6)
71(A A AL:ST) r/()\l)\ A, ST) k.+s Ay A -1
Qs1531A22;l<3|k3 = :153A22(A30) (—l) " 3(Ckl:1 k;-‘s

X[(S+K)U(S—K)!(T+K)(T- KT)z]“/2<(1 — 8k,0)(1 = 81 0)
2sgn(ky —)(=D) 0k + 5 = 1)1 ks + 55— 1)!
[s1+ (=1) %83+ (1= A) (1= A3)1(ky — 51) 1 (k3| = 53)!
X [(ky = ks)? (51ks = s3k;) ' 722+ (ko ks — 5,85) (1= Bo) (1~ A,)]
+ 81,085,0(1 = 8k,0)84,0(— 1) ™12k} 2o ky + 5, — 1)1/ (k, — 5,)!
= 81,085,001 = 8,00 8a,0(— 1) 57 532k3 ™20 (= k3 + 53— 1)1/ (—k3 = 53)!

+ 6k1055108k3055305A20(1 “Ao)) 6= 6A0A2, k,+ |k3| =min(S, T) (A7)

or

S (A A A STY —//(AlAZA};ST)
0515352;k1k3 _QSISSvl_AZ',klv_kB

= AL SUU(S + Ko) (S = Ks) T+ Kp) (T - K7)!] 772
= (ky+s5,—1) ks +5s3—1)!
5183(ky—s1) ! (ky— s53)!

X (—1)A3+k‘_s‘(cﬁ:slczgg

x [51ks = (—1)%2k,55]
k>0, ky+|ks]<=min(S, T),Ag=1, 5,>0, 5,>0. (A8)
The substitution of

SoT Kse K, ky> —k; A=A (A9)

(A AyA3;8T)
s1sy kiky

into (A6) (together with the additional factor (—1)*:) allows us to obtain Q
also for S= K> T, k;=0.

The normalisation factors n’, n”, A" in (A6)-(A8) may be written such as to take
into account the fact that the diagonal matrix elements of A and Q (with s, =k,,
s3=1ky|, sgn(k; —1)=24,-1 or 24, 1) are mutually inverse.

+ The advantage of our choice of the auxiliary parameters to compare with Ahmed and Sharp (1972) is in
the appearance of the stretched or almost stretched Clebsch-Gordan coefficients of SU(2) in ( A1) correspond-
ing to the (A3c) or (A3d) cases.
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Generally, the auxiliary labels may accept values in several regions (A3a)-(A3e).
(Only (A3a) and (A3b) are mutually exclusive, as well as (A3c) and (A3d).) When
the labels k,k; and s;s; are taken from different regions the inverse expansion
coefficients take on more complete forms, for example:

Qperieze? ™" = 2 Qbio-ksAG—kiisisids Qlisidginky (A10)
kiA3s:83
where 51>0, k; >0, k,+|ks]<min(S, T) (see also (3.11) of Aliauskas and Norvaisas
1979). Luckily, they are not necessary for our main purpose, namely the expansion
of the linearly dependent states.

The expansion coefficients R(,:}(:z:jkfn of the linearly dependent states (labelled by
KK+ or k k;) may be found after multiplication of the matrices Ax,k,;s,s5(a; or 3, and
Q558 or 3)ikiks » Where the summation parameters s,, s; (and A, or A,) are restricted
by the condition (A5a) or (ASb). Since these conditions are concealed as the factorial
factors in n’, n” or A", the sum continued to the whole region is equal to zero. Thus
we obtain

(A,A;A4;8T) _
kiks;kiky -

- . Al‘ll‘3;3I53(A2 0f52)05|33(A2 or A);k k3 (All)
s153(Az 0rdy)

where for |T— §|> A, we use the condition s, +s; <max(S, T)— A, together with the
coefficients Ay . .,,., expressed according to (A1) with (A2b) or (A2a) and Qj,s, .k,
expressed according to (A6) (and (A9)), and for [T — S|=< A,+1 we use the condition

L D .
51+ 5;<3[S+ T—A,+1+(1-A4¢)A,] together with A Kuks:s,5,80(A,) €Xpressed according

to (A1) with (A2c¢) or (A2d) and (Q)gls3A2(Z2);k,k3 expressed according to (A7) or (A8).
In all cases the factors n’, n” or n” in A and Q should be concealed. In some regions
(for |T—S|=A,+10r S— T =A,+2), where the different solutions join, the preference
should be given to the last versions.

We should emphasise that the explicit expressions of some Ry g, .«,«, are available
(Alisauskas and Norvai§as 1979) for the parameters Ks or K+ at the distance 1 or 2
units from the region of the linearly independent state labels as well as for k, =k, =0
or k; = k;=0. Equations (5.1), (5.2), (5.4), (5.5) and (5.7) of AliSauskas and NorvaiSas
(1979) may also be used for the recursive expansion of the linearly dependent states,
because the same coefficients R appear in the more general expansion

(’\IAZAS)E >= Z (A A344;8T) (/\1/\2/\3)E >

: Al2
KsSMs; K:TMy/ K&, Bk [ KSMg; K-TMy (A12)

where A5 = A, (AL — A, is even for |T— S| < A4+1) and for A,> A, some linearly depen-
dent states are also included in the rHs. These linearly dependent states may be
expanded in subsequent steps by means of the substitution of the same equations.
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